Physics Letters A 372 (2008) 6381-6385

www.elsevier.com/locate/pla —

Contents lists available at ScienceDirect

Physics Letters A

Stretching and folding mechanism in foams

Alberto Tufaile *, Adriana Pedrosa Biscaia Tufaile

Escola de Artes, Ciéncias e Humanidades, Soft Matter Laboratory, Universidade de Sdo Paulo, 03828-000 Sdo Paulo, SP, Brazil

ARTICLE INFO ABSTRACT

Article history:

Received 19 May 2008

Received in revised form 10 August 2008
Accepted 28 August 2008

Available online 2 September 2008
Communicated by A.R. Bishop

We have described the stretching and folding of foams in a vertical Hele-Shaw cell containing air and
a surfactant solution, from a sequence of upside-down flips. Besides the fractal dimension of the foam,
we have observed the logistic growth for the soap film length. The stretching and folding mechanism is
present during the foam formation, and this mechanism is observed even after the foam has reached its
respective maximum fractal dimension. Observing the motion of bubbles inside the foam, large bubbles

present power spectrum associated with random walk motion in both directions, while the small bubbles
PACS: are scattered like balls in a Galton board.
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When a liquid containing a surfactant is shaken in the pres-
ence of air, a foam is formed by the action of deformation and
stretching of the air/liquid interface. If this foam is left to rest,
the interface evolves towards a minimal surface by a minimization
process of energy. If the motion persists, the liquid flows through
the interstitial spaces between bubbles, along with the rearrange-
ment of the foam structure. We consider the following question:
what are the descriptions from the point of view of dynamical
systems theory applicable to the complex spatio-temporal behav-
ior of the foam evolution? The study of chaotic systems turns out
to be useful for analyzing the evolution of the foam structure [1],
and the connections between chaos and foams should be explored.
One possible connection is related to the process of mixing of
the interface between liquid and air, suggesting the occurrence of
some kind of stretching and folding mechanism [2], like those ob-
served in the iterations of a two-dimensional map known as baker
map.

The vast literature on foams and their evolution suggests the
complexity of the involved phenomena [3,4]. Some works have
addressed the foaming dynamics from a series of upside-down
flips in a device in which a foam is confined between two par-
allel plates, known as Hele-Shaw cell [5,6] unveiling the temporal
evolution of the number of bubbles by a kinematic model, which
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depends on some parameters, such as the area of the cell, the ini-
tial liquid content, the characteristic length of the bubbles, and the
bubble split rate. We are presenting the signature of the stretching
and folding mechanism in a foam, obtained during a sequence of
flips in a vertical Hele-Shaw cell partially filled with a surfactant.
We also compared this foam evolution to a sequence of iterations
obtained from the baker map [2], in which the stretching and fold-
ing mechanism is present.

Our experiments of foam formation were performed in a trans-
parent Hele-Shaw cell, consisting of two plain parallel plexiglass
plates separated by a narrow gap (20 x 20 x 0.2 cm?), filled with
surfactant solution and air, at room temperature. The cell is flipped
upside-down in order to observe the foam formation. A close-up of
foam is shown in Fig. 1(a). After each flip, the cell is left at rest for
a relaxation time of 600 s. An amount of a commercial dishwash-
ing liquid (V =8 cm?), manufactured by Bombril, is used without
dilution. The essential surfactant is Linear Alkylbenzene Sulfonate
(LAS). The surface tension is y =25 dyne/cm obtained by the ring
method, and the density of this detergent is p = 0.95 g/cm?®. Each
flip of the Hele-Shaw cell is referred in this Letter as iteration,
and nf is the number of successive iterations. The photographs of
the foam were recorded with a digital camera with a resolution
of 6.0 megapixel. The images were processed, converted into bi-
nary images, as it is shown in Fig. 1(b), and analyzed in a personal
computer, leading to accuracy up to 0.2 mm. With these images
we have estimated the total length of the soap film (L), and ob-
tained the series of lengths {L;s}.
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Fig. 1. (a) A close-up of a foam in the Hele-Shaw cell, showing the liquid elements of this foam during the drainage. The binary image of a foam capturing the skeleton
of an arrangement of the soap film is shown in (b). The reconstructed first return map of the film length L;s in (c) shows that a non-linear map can be obtained with a
parabola fit. The values obtained using this parabola fit are represented in the continuous curve superposed to the experimental points in (d), showing that for a sequence

of iterations the film length Ly is associated with a logistic growth.

In each iteration we followed the development of a planar net-
work of filaments extending through-out the Hele-Shaw cell, with
movements forced by the drainage of the liquid along the films
and the parallel plates of the cell, following the principles of bal-
ancing forces and minimization of energy. After the relaxation time
for the first iteration, the total soap film length reaches 200 cm. In
the second iteration, the liquid is drained through this irregular
foam. The length of the film after the relaxation process for this
second iteration is around 355 cm. We have obtained that the to-
tal length of the interfaces between bubbles as a function of the
number of iterations nf is bounded. The limiting value is around
1240 cm. After this limit, even if the liquid and the air that form
the foam are displaced by the act of flipping, for further iterations
the system tends to a stable dynamical length. In order to give
some hint of the underlying process involved and to characterize
this behavior, we have obtained the total film length Ly, and plot-
ted its first return map (Lpf41 vs. Lys) [7] in Fig. 1(c), along with
the straight line Lnfyq = Lns. By inspection of the distribution of
these values, the successive values of L, can be reduced to a low
order map. The fit of a parabola is:

Lnf41 =01 +b1Lns + 1Ly, (1)

with the fitting parameters a; = 138, by =0.99 and c;= —0.00009.
The sequence of values of Lnf, which are generated by the map,
converges to a fixed point, represented by the intersection of the
straight line with the parabolic function. The iterations obtained
from this map are shown as a continuous curve superposed to
the experimental points in Fig. 1(d). The agreement of this curve
and the experimental data reveals that the evolution of the film
length L, can be characterized as the logistic growth [8], from

the point of view of dynamical systems. With this length we can
estimate the ratio between the stored energy in the complete de-
veloped foam and the total energy input. The energy stored in the
dry foam Egyay, is proportional to the soap film length, the distance
between parallel plates d, and the surface tension y, there is a fac-
tor 2 due to the two air-liquid interfaces, so that the energy tends
to Efpam = 2dy Lys. Consequently the energy stored in this dry
foam grows with the number of iterations up to Efyam = 1.2 m)J.
Considering the energy released by the liquid for each flip as
Ef = pVgh=17 m], where h = 18 cm, and g is the gravity ac-
celeration, for twenty iterations, the total energy input is around
0.3 J. The stored energy is the order of one thousandth of the total
energy input.

In order to follow the existence of spatial divergence in the
experimental system, the trajectories of four tiny bubbles were ob-
served. These bubbles were aligned in a space of 1 cm, each one
being around 0.2 mm in diameter. When the cell was flipped, these
bubbles were photographed, and a typical sequence is shown in
Fig. 2, showing the transient evolution of four bubbles in the same
iteration. The stretching factor is qualitatively observed for this
case along the vertical axis, while they almost superpose them-
selves at the horizontal axis, with the fold process in this direc-
tion. This motion indicates the presence of stretching and folding
mechanism, which would give a positive Lyapunov exponent, as
observed in a flowing fluid using minute particles coated with flu-
orescent dye [9].

The logistic dynamics of Eq. (1) limits the film length L such
that the system approaches statistically to a self-similar state. In
general, foams are not perfectly self-similar or fractals, due to fi-
nite size of Hele-Shaw cell and the minimum size of bubbles.
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Fig. 2. Photographs of a sequence illustrating the stretching and folding mechanism
in the Hele-Shaw cell, for nf = 5. Four neighbor bubbles aligned at the interface of
the liquid and the foam. The distance between the center of the first and the fourth
bubble is 1 cm in (a). The drainage of the liquid starts to change the position of
these bubbles, as the cell is flipped in (b), enabling us to follow the evolution of
some constituents of the foam. In (c) two bubbles of the initial group of tiny bub-
bles remained attached to the network of films at the top, while two bubbles fall
continually with the liquid. In (d) while the fall of the liquid changes the configura-
tion of the foam transporting the two tiny bubbles, the two bubbles left at the top
of the cell move slowly, following the edges of larger bubbles. The two bubbles at
the top barely move, and the two bubbles at bottom side are entrained by the liquid
flow in (e), scattered by the bubble edges formed in the previous iteration. The final
position of the four bubbles is shown in (f), in which the distance between bubbles
was stretched by 9 cm in the vertical axis, while these same bubbles are overlapped
in the horizontal axis, folding the distance between them in this direction.
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Fig. 3. In the main plot, it is shown the fractal dimension Ds of foams obtained
from a sequence of flips nf from 1 to 20. The dashed line is a non-linear fitting to
these data showing the same behavior of the film length evolution of the logistic
growth. In the inset the plot of the box counting function NB(g) with Ds; = 1.48,
with a photograph of a detail of the measured foam with area equal to 1 cm?2.

Nonetheless a macroscopic scale law can be found using the con-
cept of fractal dimension [10]. Thus a dimension estimate involves
a nontrivial extrapolation from a finite data set to a distribution
of the liquid filaments of the foam. The fractal analysis was ap-
plied over the cross section of the foam in the Hele-Shaw cell. To
measure the dimension D of the foam, we have applied the box
counting method [10]. The estimates for the fractal dimension for
a sequence of iterations are shown in Fig. 3, ranging from 1.0 to
1.6. A nonlinear fitting to the experimental data of the dimension
values indicates a similar behavior obtained as for the case of the
film length Lys. This result shows proportionality between the dif-
ferent variables of the system: the film length L and the fractal
dimension Ds of the foam.

Some interesting properties observed in these foams evoke
some idealized models from the theory of chaotic systems. These
properties reflect the evolution observed in the foam, such as the
emergence of spatial expansion of structured fluids. A very sim-
ple dynamical model showing the spatial evolution is the baker
map [2]. This model illustrates how a stretching in one direction
can work together, with compression and folding in another di-
rection to produce deterministic chaos. After every time step the
unit square is first squeezed vertically (y), and stretched horizon-
tally (x), subsequently, it is cut into pieces of unit width that are
placed at the top of each other. The equations of the map are:

(2x+By. %) for 0 < x < 0.5,

2
Qx—1+By, 1+ %1 for05<x<1. )

B(x,y)= {
In order to control the global behavior of this map, we have used
the parameter 8 as the unidirectional coupling between the vari-
ables x and y. We have obtained a sequence of time series, with
12000 points each one, discarding a transient of 10000 iterations,
in the interval 1076 < 8 < 107>, The baker map presents two Lya-
punov exponents in this interval: a positive one A1, and a nega-
tive one Aj, characterizing the dynamics of this system as chaotic.
There is a relation between the Lyapunov exponents and the fractal
dimension of the chaotic behavior, known as the Lyapunov dimen-
sion Dy, and in the case of two-dimensional maps with A1 > 0 > A,
and Aq + Ay < 0 is given by [7]:

M

D=1+ .
[A2]

3)
For B = B1 = 4.5 x 1076, we have obtained the value of dimension
closer to the value of dimension obtained for the experiment, with
Dg=1.6 (nf > 20).

The importance of this model is in its utility to bring some
findings about the general evolution of the foam. It is therefore
interesting to compare the dynamical properties between this map
and the experiment with a foam completely developed. In Fig. 4(a),
we exemplified the time series of the coordinate y obtained from
the baker map using the coupling constant ;. In the experiment,
this is done in two steps: first, we performed a sequence of thirty
flips (nf = 30), obtaining a fully developed foam, and after that we
recorded the normalized coordinates (x, y) of the geometrical cen-
ter of some chosen bubbles from nf =31 to 70. The time series of
the vertical position for bubble diameters of 5 mm and 1 mm are
shown in Figs. 4(b) and 4(c), respectively. Qualitatively, we can ob-
serve that the amplitude of motion of the baker map is very large,
while the amplitude of bubble motion is size sensitive. The dif-
ference of behavior between these two bubbles is related to the
bubble size segregation, in which was stated that at the beginning
of the experiment, the large bubbles have been observed mainly at
the center of the cell, while small bubbles have been seen at the
top and the bottom.

A way to characterize the dynamical behavior of a time se-
ries is to apply the power spectrum method [11]. Using the Fast
Fourier Transform (FFT), we have obtained the power spectrum for
the time series of each variable (x, y) of the baker map with the
constant B, for different values of the initial conditions. The spec-
trum of the baker map in Fig. 4(d) presents a broad band, with
the same decay for both variables x and y with f~% (o =0.7).
We also have obtained numerically the spectra observed in some
dynamical systems, such as the Galton board dynamics, in which
collisions of a particle with scatterers can be modeled by a map
obtained from Ref. [2]:

y+1 for y <0,
fy= 20D 4 m—1-4) for (m—1)<y<(m-—r), ”
LI 4 (m+ A) for (m—r)y<y<m,

y—1 for (N+1) <y,
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Fig. 4. The time series of the coordinate y obtained from the baker map in (a), using the coupling constant ;. The time series of the normalized coordinate of the vertical
position for a bubble diameter of 5 mm is shown in (b), and in (c) the time series of a bubble diameter of 1 mm. The power spectra for the time series of variable y with

the decay like f~

® of some systems are shown in (d)-(f). In (d) the baker map with the constant 81, presenting a broad band, with « = 0.7. In (e) the power spectrum of

the Galton board dynamics, with « = 1.0, and the power spectrum for the random walk is shown in (f) with o close to 2.0. We have applied the same method to obtain
the power spectra of the bubble motion for the coordinates (x, y) of some bubbles and obtained their respective o values shown in (g). The dashed lines in (g) indicate the
values of « for the baker map in (I), for the Galton board dynamics in (II), and for the random walk in (III).

where m=0,.... N+ 1, A=1, N=38, and | +r = 1, with
I =1/2 for unbiased collisions. From this map we have ob-
tained a spectrum with o« = 1.0 shown in Fig. 4(e), and it
also presents the stretching and folding mechanism. The spec-
trum for the case of the traditional random walk is shown in
Fig. 4(f), with « close to 2, illustrates the upper limit for o val-
ues.

We have applied the same method for the experimental data
for the position of different bubble sizes, ranging from 1 mm to
6 mm for 31 < nf < 70, as it is shown in Fig. 4(g). We have
observed basically two different behaviors of bubble motion, one
associated with Galton board dynamics for bubble diameter up to
2.3 mm, and another one associated with random walk for bubble
diameter higher than 2.3 mm. The difference between the motions
of these two ranges of bubble size can be explained by the fact
that small bubbles have the tendency of being dragged by a drop
falling during the liquid drainage, and consequently traveling large
distances in the vertical direction. In addition to this, they can be
scattered by large bubbles, mimicking the spectrum of the Galton
board dynamics, and this result gives us an idea of the process
behind the bubble motion of these small bubbles in the vertical
direction. On the other hand, large bubbles have the tendency of
being displaced by short distances in both directions in each step,
similar to the displacement observed in the random walk. In this
way, when the foam is completely developed, there is a structure

formed by large bubbles scattering the liquid transporting small
bubbles.

In conclusion, we have described the stretching and folding
mechanism present in foams obtained from a Hele-Shaw cell con-
taining liquid detergent and air, for a sequence of upside-down
flips. Based on the experimental data from the series of foam
lengths, it was found that the foam length has reached a maximum
value as a function of the number of flips, following the logistic
growth. During this stage, we also have found the existence of spa-
tial divergence in the foam elements following neighbor bubbles,
in which the distance between bubbles was stretched in the verti-
cal axis, while in the horizontal the distance was folded. After that,
we have studied the baker map, which presents the stretching and
folding mechanism, controlled by a coupling parameter, such that
we were able to compute the Lyapunov exponents, and its respec-
tive fractal dimension. The baker map has motivated us to compare
the dynamical behavior of the bubble motion for a sequence of
iterations using the power spectrum method. The stretching and
folding mechanism is present during the foam formation, and this
mechanism is observed even after the foam has reached its re-
spective maximum fractal dimension. Large bubbles present power
spectrum associated with random walk motion in both directions,
while the small bubbles behave in the same way in the horizon-
tal direction, but are scattered like balls in a Galton board in the
vertical direction.
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